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Quantum Cosmology with a Complex d* Field at
Finite Temperature
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Quantum cosmology with a complex ¢* field at finite temperature for the Vilenkin
boundary condition and the Hartle—Hawking boundary condition is studied. The
Euclidean region in minisuperspace is generally bounded by a closed curve. The
wave function of the universe calculated in the WKB approximation can cross,
through scattering or tunneling, from the initial classically allowed region to the
final classically allowed region. For a given value of scalar field, the probability
density for the Vilenkin boundary condition is smallest at zero temperature, and
when temperature increases, the probability density rises remarkably. At the same
time, the opposite results are given for Hartle-Hawking boundary condition. In
addition, the classical trajectories of the universe are calculated in detail.

1. INTRODUCTION

Since Hartle and Hawking (1983) and Vilenkin (Vilenkin, 1982, 1988)
described the birth of the universe in the frame of quantum gravitation,
quantum cosmology has become an area of extensive research. Many signifi-
cant results have been obtained through the discussion of the universe wave
function (Halliwell, 1988; Ducan, 1990). Generally speaking, the ultimate
aim of quantum cosmology is to predict the initial state of the universe by
the wave function of the universe. The universe wave function is formulated
by solving the zero-energy Schrodinger equation, i.e., the Wheeler—DeWitt
(WDW) equation (DeWitt, 1967). Two methods, which correspond to different
boundary conditions, have been applied to the problem of determining the
quantum state of the universe. The first approach, suggested by Vilenkin
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(1982, 1983, 1984, 1986, 1988), is based on the fact that, after the universe
spontaneously nucleates in a de Sitter space, it evolves along an inflationary
scenario. The universe was created through a potential barrier, which is
generally referred to as “quantum tunneling from nothing.” The universe
wave function, i.e., the tunneling wave function, derived in this way is
complex. Another approach is given by Hartle, Hawking, et a/. (Hartle and
Hawking, 1983; Hawking, 1982; Hawking and Luttrell, 1984a, b; Hawking
and Wu, 1985; Hawking and Page, 1986; Halliwell and Hawking, 1985;
Halliwell, 1986, 1987). The wave function of the universe, i.e., the Hartle—
Hawking wave function, is given by a path integral over compact Euclidean
geometry and is real. Vilenkin (1988) pointed out that the tunneling wave
function can predict initial states that lead to inflation. More detailed descrip-
tions have been given for some cosmological models with matter fields (Hartle
and Hawking, 1983; Vilenkin, 1982, 1983, 1984, 1986, 1988, 1994, 1995;
Ducan, 1990; Hawking 1982; Hawking and Luttrell, 1984a, b; Hawking and
Wu, 1985; Hawking and Page, 1986; Halliwell and Hawking, 1985; Halliwell,
1986, 1987, 1988; Kamenshchik et al., 1995). Generally, the complex scalar
model has more physical significance than the real scalar model because it
coincides with the matter hydrodynamic field model. So Khalatnikov and
Mezhlumian (1992) introduced a complex scalar field in the frame of Fried-
mann cosmology. Different from the real scalar field case, the classically
forbidden region in the minisuperspace is bounded by a closed curve and
this region is not convex everywhere. Amendola and Khalatnikov (1994)
further studied the complex field. Using the Vilenkin boundary condition and
WKB approximation, they obtained a wave function of the universe which
can, by scattering or tunneling, reach the final classical state from the initial
classical state. For cosmological constant A = 0, the probability density
distribution describes a classical universe that preferentially starts with a
large matter content. In addition, they checked the no-rolling approximation
method through a slow-rolling approximation. The result shows that the no-
rolling approximation is reliable for |[U’| < U. But all these models for the
scalar field are considered at zero temperature. According to the big-bang
cosmological model, the universe in the very early period is in a state with
high temperature and high density, and spontaneous symmetry breaking will
be restored when 7' > T.. Therefore, it is very important to explore quantum
cosmology at finite temperature and to understand the very early state of the
universe. So we further explore the effect of quantum cosmology with a
complex ¢* field at finite temperature in this paper.

In Section 2 we describe the behavior of the complex ¢* field at finite
temperature, and give the classical trajectories of the universe in Section 3.
The wave function of the universe and probability density distribution are
calculated in Section 4. Finally, we present our conclusions in Section 5.
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2. COMPLEX ¢* FIELD AT FINITE TEMPERATURE
The effective potential of the ¢* field at zero temperature takes the form
(h) = —m’ 12 + ¢Y4do + dom'/4 (1)

where ¢ is the value which satisfies the equation V(¢) = 0. The effective
potential of the ¢* field at finite temperature can be found by using the Linde
procedure (Linde, 1979), and reads

V(d, T) = M2 + ¢Y4do + dom'/4 ()
where M = T*/4G3 — m*. Setting OV(¢, T)/0p = 0, we have
Mo + &Ydy =0 (3)

which has three roots
=0, $33 = do(m® — T?/47) 4)

where ¢1 corresponds to a false vacuum and ¢> and ¢3 correspond to two
true vacua. If m*> — T%/4¢3 < 0, ¢, and ¢ reduce to two imaginary roots
and the true vacua will vanish. So the condition

m* — T/4¢3 = 0 (5)

determines the critical temperature 7.. When 7' > T, the spontaneous symme-
try breaking is restored. From Eq. (5), we obtain 7. = 2mdo.

3. THE CLASSICAL TRAJECTORIES OF EVOLUTION OF
THE UNIVERSE

We shall consider the Lagrangian action of an interacting gravitational
and complex scalar field (..., 19 )

S = J (RI6TG + g D% D2 — NO*D)) \Fg d*x (6)

where g is the metric determinant and R is the scalar curvature. Similar to
Amendola and Khalatnikov (1994), we assume that the effective potential
V(®*®) includes a cosmological constant A and the signature of the metric

is (+ ———). The complex scalar field is ® = dexp(i0), and the effective
potential V(D*d) takes the form of a ¢* field at finite temperature
N(D*D) = 1, T) = MP*2 + ¢*4do + dom*/4 + A (7)

where M = T?/4¢3 — m*. The metric and complex scalar are assumed to be
homogeneous and isotropic. For a closed Robertson—Walker universe, the
metric is written as
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ds* = dft — d*(1) dC3 (8)

where dQ)3 is the metric on a unit three-sphere and a(7) is the scale factor.
So the scalar curvature is given by

R=6a"*(1 + d* + ad) 9)
Considering (8) and (9), Eq. (6) reduces to

S = J L(a, a, ¢, §, 0, 0) dr (10)

where
L= —121%,%ad> + 127°1,% a + 7°a’d? + n’d’$*0? — 2% V(§, T)

Using the method of canonical quantization, we can get the momenta conju-
gate to the minisuperspace coordinates a, ¢, and 0, respectively:

pa = 241 %aa,  py = 2Wa’d,  pe = 2ma 9?0 (11)
The current of the scalar field is defined by
=g, (12)

So J° = ¢0, and the classical conserved charge is
o=1J° \?—g d*x = 2%a’$?0 (13)

Using (10), (11), and (13), we can derive the Hamiltonian of the system
H = —p2/487°l, %a + pylamia® + QY4rn’a*d? — 12n%,%a  (14)
+ 21V (P, T)
The operator transformation is given by
Pa —> —i0l0a, po —> —idlod (15)
So the Wheeler—DeWitt equation, i,e., HY = 0, satisfies
V2 — 120,24 V3 — Ua, o, T)]¥ =0 (16)
where
Ula, ¢, T) = a’[—121,20%a*$* + 57671, * — 961, 2d*V(§, T))

In order to compare with the literature (Amendola and Khalatnikov, 1994),

we use units in which 8tG = & = ¢ = 1 and rescale every term of the
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superpotential U(a, ¢, T). Thus the Wheeler—DeWitt equation can now be
rewritten as

VZ—6a2Vs — U, ¢, Y =0 (17)

where U(a, ¢, T) = a*[—Q*a*d* + 1 — a*V(, T)]. The first and third
terms of U(a, ¢, T) coincide roughly with the initial classically allowed
region and final one, respectively, and the middle term coincides with the
classically forbidden region.

Figure 1 gives the contours of the equipotential in the minisuperspace
(a, ¢) for superpotential U(a, ¢, T). Figure la shows the results at different
temperatures in the case of Q = 5, and the Fig. 1b in the the case of Q =
0. In the minisuperspace (a, ¢), U(a, ¢, T) = 0 divides the plane into two
regions: U(a, ¢, T) > 0, corresponding to the classically forbidden region,
i.e., Euclidean region; and U(a, ¢, T) < 0, corresponding to the classically
allowed region, i.e., the Lorentzian region. U(a, ¢, T) = 0 determines the
boundary between these two regions. We can see from this figure that, as in
the case of the effective potential V(¢, T) = m*$*/2 + A introduced in the
literature (Amendola and Khalatnikov, 1994), the Euclidean region contour
at finite temperature is also a closed curve in minisuperspace (a, ¢). With
the increase of temperature the Euclidean region contracts gradually. In addi-
tion, some classical trajectories cannot enter the Euclidean region. When they
approach the boundary U(a, ¢, T) = 0, they bounce back to become the
collapsed universe. There are, however, some classical trajectories which
need not cross the classically forbidden region and always keep expanding.
When Q = 0, the superpotential of the complex scalar field becomes identical
to that for a real scalar field in which the classically forbidden region is an
open curve. The lines from top to bottom in Fig. 1b correspond to the
case of temperature T = 0, T = mo, T = 2mdo, T = 3mdy, and T =
3.42md, respectively.

Using the equation of motion, py = —0H/0, and the conserved equation
of current, JY, = 0, we can write the classical field equation as

O+ 3abla — 60 + V(0. T) =0,  (\Fgd®M, =0 (18

where a prime denotes derivative with respect to ¢. So the classical trajectory
in the initial classically allowed region is

a(9) = a exp[(¢* — ¢1)/4] (19)

where a; and ¢; are initial values in this region. Equation (19) is identical
to the result given by Amendola and Khalatnikov (1994). Similarly, the
classical trajectory in the final classically allowed region is
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Fig. 1. Contours of the equipotential in the minisuperspace (a, ¢) for superpotential U (a, ¢,
T). (a) The case Q = 5; (b) the case Q = 0.
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a(9) = a[l($2) — 1(9)] exp[(93 — ¢*)/8] (20)

where
—4(A + o'/ &
0.04 — T3
N (—0.0016do + 0.0872d3 — 7403 + 64A) In(4x> — 0.04do + T2d3)
32(0.04 — T2d)

1) =

Here a; and ¢, are initial values in the region.

4. THE WAVE FUNCTION OF THE UNIVERSE AND
PROBABILITY DENSITY DISTRIBUTION

Adopting the no-rolling approximation, we can approximate the
Wheeler—DeWitt equation (17) as

V2 + (pla) V. — Ua, &, T)Y =0 1)

where p denotes the ambiguity in the ordering of factors a and 0/0a. Taking
into account the WKB approximation, we obtain the solution of Eq. (21) at
Ua, 9, T) <0,

Yy = Cia"?p"(a, ¢, T) exp| *i J pla, §, T) da (22)

The solution of Eq. (21) in the range U(a, ¢, T) > 0 is

¥y = Coa "p(a, ¢, )12 exp_i J pa, b, T)| da | (23)

In the two expressions above, ¢ and ¢, are coefficients and p(a, ¢, T) =
[—U(a, ¢, T)]". The negative and positive signs in Eq. (22) correspond
to outgoing and ingoing waves, i.e., expanding and contracting universes,
respectively. The exact solutions of Eqgs. (22) and (23) are not easily obtained,
so we divide the minisuperspace into different regions to solve them. As
mentioned before, the first and third terms of the superpotential U(a, ¢,
T) coincide roughly with the initial and final classical allowed regions,
respectively, and the middle term coincides with classical forbidden one. The
value of a at the boundary between the regions with the first and second
terms is determined by ai, = Q/¢, while the value of @ at the boundary
between the regions with the second and third terms is a3; = (o, T).
Because the superpotential U(a, ¢, T) at finite temperature is a closed curve
in the minisuperspace (a, ¢), we can find two points which satisfy af, =
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a33 with roots ¢; and ¢,. When ¢ > ¢, and 0 < ¢ < ¢, the Euclidean
region will vanish, which means that the wave function never goes through
a potential barrier. In these regions, the middle term of U(a, ¢, T) is negligible.
Ata, = (Q/1$)"*V(d, T)™", the remaining two terms of U(a, ¢, T') become
equal. From Egs. (22) and (23), it is clear that the wave function in the
classically forbidden region is exponential and that in the classically allowed
region is oscillating.

Inserting superpotential U(a, ¢, T) in Egs. (22) and (23), we can calculate
the wave function. In the range a < ai», the wave function is

Yy = a7 (adp/Q)"* exp[*i(Q/P) In(alayy)] (24)
which is an exponential wave function. The wave function in the range a >
a» follows,
a(—p—l)/Z
L= g, D

— 23312 _ _ 2 \3/2
><eXp[i(l V(9. T)a)” — (1 = V(. T)ap) ] 25)

¥y

3V, T)

So we can also evaluate the wave function in the range a > a3

" g exp[+( —(L= (. T )]
4 1/4 -
]

T . Ty — 1 3P, T)

—i(V(b, Tha®> — 1)*?
X + 26
xP G, T) (20
In the regions ¢ > ¢, and 0 < ¢ < ¢,, the wave functions read
Yy = a7(ad/0)"?* exp[£i(Q/d) In(ala,)], a<a, (27)

¥y = a2, T)™" exp[xil(d, T)'? (@ — ad)/3], a>a, (28)

The connection formulas for wave functions in different regions are the same
as those of Amendola and Khatnikov (1994). According to Halliwell (1988)
and Vilenkin (1994), the relation of transformation from the tunneling wave
function to the Hartle-Hawking wave function is

Yuu = VoV = e ™V, a > ™) (29)

From Egs. (26) and (29), we can also calculate the tunneling wave function
in the range a > a3,
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\P _ _l-a(—p—l)/Zeiﬂ:Q?—l)M N (1 _ V(d), T)a%2)3/2
T, e - P T sk, 1)
iV, Ta* — 1)*?

X +
P (G, T)

(30)

The probability density distribution for ¢ at a given value of a takes
the form

P() = éa”[\P*V{,\P AL 31)

Obviously, for regions 0 < ¢ < ¢; and ¢ > ¢, the probability density
distribution for the Vilenkin boundary condition is equal to 1. Substituting
Eq. (26) into Eq. (31), we obtain the probability density distribution for the
Vilenkin boundary condition for the remaining intermediate-¢ region where
the WF tunnels the potential barrier,

Py(d) = exp[—2(1 = V($, T)Q/9)**(31(, T)) '] (32)

Similarly, inserting Eq. (30) into Eq. (31), we obtain the probability density
distribution for the Hartle—Hawking boundary condition in the same ¢ region,

Pun(9) = exp(2(1 — V($, T)Q/)*(3(¢, T)) '] (33)

The probability density distribution for the Vilenkin boundary condition at
different temperatures is shown in Fig. 2a. The variation of the probability
density with scalar field ¢ is analogous to that of Amendola and Khalatnikov
(1994). Given an arbitrary value of the scalar field ¢ in the range (¢1, ¢n),
the probability density at zero temperature is smallest. With the increase of
temperature 7, the probability density grows remarkably. This result is also
easily obtained by theoretical analysis. Figure 2b gives the probability density
distribution for the Hartle—Hawking boundary condition at different tempera-
tures, which is opposite to that for the Vilenkin boundary condition.

5. CONCLUSIONS

In this paper we have explored the classical and quantum cosmology
of the complex ¢* field at finite temperature; our conclusions are summarized
as follows: (1) The Euclidean region in minisuperspace (a, ¢) is generally
a closed curve. (2) The wave function of the universe calculated in the WKB
approximation can cross, through scattering or tunneling, from the initial
classically allowed region to the final classically allowed region. (3) The
probability density for the Vilenkin boundary condition at zero temperature
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Fig. 2. The probability density distribution at different temperatures (a) for the Vilenkin
boundary condition and (b) for the Hartle-Hawking boundary condition.
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is smallest at every given value of the scalar field. As temperature 7' grows,
the probability density increases remarkablly. Compared with this result, the
probability density distribution for the Hartle—Hawking boundary condition
shows contrary behavior.
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